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Abstract 

In this paper we give a lower bound on the waist of the unit sphere of a uniformly convex normed space 
by using the localization technique in codimension greater than one and a strong version of the Borsuk-Ulam 
theorem. The tools used in this paper follow ideas of M. Gromov in |4]- Our isoperimetric type inequality 
generalizes the Gromov-Milman isoperimetric inequality in [5]. 

1 introduction 

The classical isoperimetric inequality for a metric space relates the measure of compact 
sets to the measure of their boundaries. These inequalities are codimension 1 isoperimeric 
inequalities (simply because the difference of the dimension of a compact set and the 
dimension of its boundary is equal to 1). 

During his research on a Morse theory for the space of cycles of a manifold, F. Almgren 
gave a sharp lower bound for the volume of a minimal fc-cycle in the sphere for every k 
(see [II],[3]). This is an instance of an higher codimensional isoperimetric type inequality. 
Another important example of higher codimensional isoperimetric inequality, which in 
fact is a generalisation of the Almgren isoperimetric inequality on the sphere, is the waist 
of the sphere theorem of Gromov presented in . 

In this paper we prove a higher codimensional isoperimetric inequality for the unit sphere 
of a uniformly convex normed space. The idea follows [1]. 
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In [S], M. Gromov and V. Milman give an isoperimetric inequality for the unit sphere of 
a uniformly convex normed space by using the localization technique (a nice exposition 
of this can be found in [1]). The main result of this paper, generalizes the isoperimetric 
inequality of Gromov-Milman. 

We begin by defining waist. For more details about this invariant see 

Notation 1 (Tubular neighborhoods) Let X be a metric space, Y a subset of X, 
£ > 0. The £ -neighborhood ofY is denoted by 



Definition 1.1 (Waist of a metric-measure space, see [3]) Let X = {X,d,n) be a 
mm-space. Let Z be a topological space. Let w{e) be a positive function. We say the waist 
of X relative to Z is larger than w if for every continuous map f : X ^ Z there exists a 
z & Z such that for all e > 0, 



The purpose of this paper is to give a lower bound of the waist of the unit sphere of a 
uniformly convex normed space relative to M'^. We are ready to state the main theorem 
of this paper. 

Theorem 1 Let X be a uniformly convex normed space of finite dimension n + 1. Let 
S{X) be the unit sphere of X , for which the distance is induced from the norm of X. The 
measure defined on S{X) is the conical probability measure. Then a lower bound for the 
waist of S{X) relative to M'^ is given by 



Y + e = {xeX\d{xX) <e}. 



fi{f-\z)+e)>w{e). 



w{e) 
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1 + (1-25(|))"-'=(A; + 1) 




where 6{e) is the modulus of convexity, 




and 




And where 



= 2 arcsin( 



e 
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and 



■?/'2(^) = 2 arcsin( 



e 



Section 2 will be concerned with preliminaries and tools which we need to prove this 
theorem. In the last section we will discuss the relation of our result with Gromov- 
Milman's isoperimetric inequality and some applications of our theorem. 

1.1 Acknowledgement 

We thank S. Alesker whose exposition [1] has helped us a lot. 

2 Preliminaries 

Let us consider a uniformly convex normed space of dimension (n + 1), X = (]R"+^, || ||) 
which we fix once for all. 

Definition 2.1 (Modulus of convexity) The space X has modulus of convexity 5 if 
for all e > 0, for all vectors x, y & X with \\x\\ = \\y\\ = 1 and \\x ~ y\\ > e we have 



Example 2.2 Let E be a Euclidean space. In this case, the modulus of convexity is easily 
determined from the parallegram identity. And we have 



Remark 5 is a monotone increasing function. We use this remark later on to prove the 
Lemma 5.2. 

We denote by B{X) := {x G X\ \\x\\ < 1} the unit ball of X and dB{X) = S{X) := 
{x G X\ \\x\\ = 1} the unit sphere of X. 

We define a probability measure fi on S{X) and we call it the conical measure, 
Definition 2.3 (conical probability measure) For any Borel set A C S{X) we define 




^^{A)■. 



mn+i{[jtA\{)<t<l} 
m„+i(5(X)) 



where rUn is the n-dimensional Lebesgue measure on X. 
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We can check that the measure /x is a probabihty measure on S{X), indeed 



- — — - i. 

Remark: For the Euchdean norm on M""*"^, where the distance between two points is 
the Euchdean distance and where the unit sphere is the canonical n-dimensional sphere 
§"", the conical measure is the canonical Riemannian probability measure on S". 

The mm-space on which we are going to work is {S{X), fi, d) with the conical prob- 
ability measure and d the distance induced on S{X) from the norm defined on X (i.e. for 
all x,y e S{X), d{x,y) = \\x - y\\). 



3 Scheme of proof of Theorem 1. 

We fix a continuous map / : S{X) — )■ M'^. The proof of theorem 1 goes as follows, 

• Use a generalisation of the Borsuk-Ulam theorem giving rise to a finite convex 
partition of the sphere and a fiber of / (i.e f~^{z) for some z G M'^) passing through 
the centers of all the pieces of the partition (the center of a convex set has to be 
defined) . 

• Narrow the pieces of the partition (by increasing their numbers) such that almost 
all of them are Hausdorff close to a fc-dimensional convex set. Pass to a limit infinite 
partition of the sphere by convex subsets of dimension less than or equal to k. 

• On each piece of the partition, there exists a probability measure, convexely derived 
from the conical measure. This brings the n-dimensional volume estimate of the 
waist down to a /c-dimensional measure estimate on each convex set of the partition. 
This method is called the localization technique. But usually, the localization or 
the needle decomposition, brings the n-dimensional measure estimate down to a 
1-dimensional problem. The use of a multi-dimension localization technique first 
appears in [Ij. 

• On each piece of the partition, the Lemma 5.3 gives an estimate of the measure 
of an e-ball centered at a point where the measure of the convex set is mostly 
concentrated. By integrating this estimate over the space of pieces of the partition, 
we obtain the result of theorem 1. 

There is some difficulties due to the Z-dimensional convex sets of the infinite partition 
for all / < k. We prove that these "bad" convex sets does not affect the estimation 
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of waist. Or better say, the measure of these convex sets in the space of pieces of 
the partition is equal to zero. 

4 Convexely derived measures on convex sets of S{X) 

The topics studied in this section follows the ideas used in [I] and [5]. For every subset 

5 e S{X) we define the subset co{S) e B{X) as 

co{S) := {|Jt^|0 <t < 1}. 
Hence co{S) is the cone centered at the origin of the ball over S. 

Definition 4.1 (Convexely derived measure) A convexely derived measure on S{X) 
is a limit of a vaguely converging sequence of probability measures of the form Hi = j^j§^, 
where Si are open convex sets. 

Suppose we have a sequence of open convex sets {Si} of S{X) which Hausdorff con- 
verges to a convex set S' G S{X) where we suppose that the dimension of S' is equal 
to k with k < n. It is clear that the sequence {co{Si)} Hausdorff converges to the set 
co(5") where dim co(S") = k + 1. We define a probability measure fj,' on co(S") as follows. 
For every i G N, we define the measure fj,[ = ^^^^^f^^§^- A subsequence of this sequence of 
measures vaguely converges to a probability measure /i on co{S'). We call this measure a 
convexely derived measure. We recall that the support of the measure /i is automatically 
equal to co{S') as the sequence converges to this set. In [1] the author shows that the 
measure /i is (n + 1 — (/c + l))-concave so by Borell's Theorem, n admits a density function 
/ with respect to the {k + l)-dimensional Lebesgue measure defined on A. The function 
/ is (n — /c)-concave. Hence 

H = fduik+i 

where mk+i is the {k + l)-dimensional Lebesgue measure. Morever we have: 

Lemma 4.1 The measure fi is {n + 1) -homogeneous and the function f is {n — k)- 
homogeneous. 

This means = t"+V(^) for < t < 1 and f{tx) = ^-'^/(x) for all x G co{S'). 

Proof of the Lemma 

The measure /i is convexely derived from the normalized (?t, + l)-dimensional Lebesgue 
measure. As the (n + l)-dimensional Lebesgue measure is {n + 1) -homogeneous then n 
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is {n + l)-homogeneous. From the equality /i — fdruk+i, and the fact that is (n + 1)- 
homogeneous and ruk+i is {k + 1) -homogeneous, then clearly / is (n — /c)-homogeneous 
and the proof of the Lemma follows. 

The convexely derived measure /i' defined on co(S") defines a probability measure /i on 
S' convexely derived from the conical measure of S{X) and obtained from the sequence 
{Si}, where for every X C S' we have 

^{X) = ^\co{X)). 

And on the other hand, there exists another probability measure defined on S' which is 
the canonical A;-dimensional conical measure conically induced by m^+i, we denote this 
measure by u. For every Borel subset U of S' 

(jj-. ^ mk+i{co{U)) 
^""^ mk+i(co(S')y 

S' is a subset of the unit sphere of R'^^^ equipped with a norm satisfying the same modulus 
of convexity. 
Then we have 

l^{U) = ij!{co{U)) = I fdrUk+i = f fdv. 

Jco{U) JU 

Hence in conclusion we have 

d/i — fdv 

where we take the restriction of / on the set U. 

The function / is (n — A;)-concave on co{A) but the restriction of this function on the 
spherical part of the border of co{A) is not anymore (n — A;)-concave. 

However the restriction function still has nice concavity properties as we will explain 
now. 

Definition 4.2 An arc a C S{X) is subarc of the intersection of a 2-plane passing 
through the origin of the ball with S{X) . 

We know that Vx, y e S-^, 

J { ^ ) - 2 

But the point ^ is no more on S{X), so we set z = ^/||^|| G S{X). 
By the definition of the modulus of convexity we have 



" 2 

So we can conclude the following Lemma. 



<l-6{\\x-y\\) (1) 
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Lemma 4.2 Let f denote the density of a convexely derived measure on S{X). Let x, 



y e S^, let z = ^/ll^ll G S^. Then 



I ^l±i ^ < (1 - 5{\\x - y\\)f'/^-'\z). 

Proof of the Lemma 

As = ll^l^ll-z and as the function / is (n — A;) -homogeneous 
and by equation [T] the proof of the Lemma follows. 

Definition 4.3 Let f be a function defined on an arc of S{X). Say f is weakly {n — k)- 
concave ifWx, y E a, z = ^^/||^^||, 

^ ^ < (1 - 5{\\x - y\\)f"^-'\z). 

Lemma 4.3 A nonzero weakly {n — k)-concave function defined on an arc of S{X) has 
at most one maximum point and has no local minima. 

Proof of the Lemma 

If there were two distinct maxima x and y and we would get f^^^'^~^\x) < (1 — 5{\\x — 
contradiction. Suppose / has a local minimum at point m. Take nearby 
points x' and y' such that m = Then x = p7|| and y = belong to the arc, 

and m = ^|^/||^^|| = m. This leads again to a contradiction. The proof of the Lemma 
follows. 

Let / be the density of a convexely derived measure on supported on a fc-dimensional 
convex subset S of S{X). By Lemma 4.3 we can conclude that there exists at most 
one point 2; G S* at which / achieves its maximum. Indeed suppose the / achieves its 
maximum in at least two points xi and X2- Since there exists an arc passing through xi 



and X2 and contained in S, this would contradict Lemma 4.3 



Let z be the point of S where / achieves its maximum. We want to give a (uniform) 
lower bound for fi{B{z,e)) where B{z,e) is the fc-dimensional ball in S of norm-radius e, 

B{z,e) := {x G St,\ \\x — z\\ < e}. 

Therefore, from now on, the mm-space we are working on is {S,fi, \\ ||). 
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We define two subsets on S: A := B{z,e), B := S \ B{z,2e) = B{z,2eY and we are 
interested in estimating the ratio 

We need the following lemma. 

Lemma 4.4 Let f be the density of a convexely derived measure supported on a k- 
dimensional convex subset S of S{X). Assume f achieves its maximum at z. Let 
X G B{z^ 2eY = \ B{z^ 2e) and consider the arc a = [z, x] in S{X). Then 

f{x)<{l-25{e)r-^Min f . 

crr\B{z,e) 

Proof of the Lemma 

(Compare [T]) Pick y G [x, z] r\B{z, e). By weak concavity, we know that / is monotone 
nondecreasing along [x,z], so 

fix) < f{y) < f{z). 



So the maximum of / on the subarc [x, y\a is achieved at y. By Lemma 4.2 

^ < (1 - 5{\\x - y\\)Maxf^-^\w), 

which implies 

/(x)<(i-2(5(iix-y||)rv(y). 

By the triangle inequality, ?/|| > e and we remember that the modulus of convexity 
is nondecreasing, so 

5{\\x-y\\)>5{e). 

Hence 

{l-25{\\x-y\\)r-^ <{l-25{s)T-\ 

And at last we have 

f{x) < (1 - 26{\\x - y\\)T-'f{y) < (1 - 26{e)r~' f{y). 

And the proof of the Lemma follows. 

We are ready now to integrate both sides of the inequality of Lemma 4^ and give an 
upper bound for |^py. 
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Lemma 4.5 Let s > be given. Let S C S{X) be a k-dimensional convex set. Let a 
convexely derived measure n be defined on S. Let z be the maximum point for the density 
function of the measure fi. Let A := B{z, e), B := S ^ B{z, 2e). Then 

^^^^ < {l-2S{e)r-''{k + lf^'^^^''^ 



F{k,e) = I ' s\Yi{xf'^dx. 

J Me) 



and 



r-Vl(£) 



And where 



and 



G{k,e) = / sm{x)''-Ux. 
Jo 

V,,(.) = 2arcsm(j-^) 

■02 (f^) = 2arcsin( — ) 

Proof of the Lemma 

Let (7 be an arc of S{X) emanating from z. Denote by 

m — Min f 

anB{z,e) 

Then 

xean B{z, 2ey ^ f{x) < (1 - 25(£))"-^m, 

and 

y eanB{z,e) ^ f{y) > m. 

Assume first that the norm || ■ || is Euchdean. We need to convert Euchdean distances 
into Riemannian distances along the unit sphere, i.e. angles. If x and y are unit vectors 
making an angle 0, then \x ~ y\ — 2sin(0/2). Therefore \x — y\ = e corresponds to 
an angle 0i and \x — y\ = 2e corresponds to an angle 02- Therefore, for a fixed 6, 
t < (t>i ^ fit,9) > m{e) and t > (p2 ^ fit, 6) < (1 - 25{e)Y-''m{e). Using polar 
coordinates (t, 6) on the unit sphere, we compute 

" !^.^J\t,6)^m{tf-^dtde 
f;j{t,e) s\n(tf-'dt 

< max —7 . 

ees"-^ J^'f{t,e) sm{t)>'-^dt 
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For each 9, 



n sin(t)*^-i dt 



sm(t)^-i dt 



25(e)y 



To handle general norms, we use the fact that the Banach-Mazur distance between 
any A; + l-dimensional normed space and Euclidean space is at most y/k + 1. On the affine 
extension of co{S) there exists a Euclidean structure | • | such that for every x e Aff{co{S)) 
we have 

1 , , „ „ , , 
, \x\ < \\x\\ < \x\. 
Vk + 1 ' ~ " " ~ ' 

Or equivalently we have 

BgK G Vk + IB, 

where B is the Euclidean ball of dimension A; + 1 and K is the uniformly convex ball 
defined by S{X). 

Wc denote by pr the radial projection of the uniformly convex sphere dK to the 
Euclidean sphere dB. Recall that u is the conical measure on dK and we denote by dv^ 
the conical measure on dB, i.e. the Riemannian probability measure. Then the density 

h — satisfies 
dvk 

k+l 



Vk+-r' 



<h< Vk + 1 



Let X, y E dK, x' — pr{x), y' = pr{y). Since radial projection to the sphere decreases 
Euchdean distance outside the Euclidean ball, 

\x' — y'\ < \x — y\ < \/k + \\\x — y\\. 

For a general norm, radial projection to the unit sphere is 2-Lipschitz. Indeed, let x" , y" 
be points such that 1 < ||a;"|| < \\y"\\- Rcscaling both by ||a;"|| decreases — so we 
can assume that = 1. Then \\y"\\ < 1 + H^;" — y"\\ and 

II " y" II II ^" y" ^ n 1 Ml 

\\x — = — + x(l — 



y'\\ \\y"\\ \\y"\\ \\y"\\ 

< ||x"-/|| + ||/||-l<2||x"-/| 
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If x" = VFTlx' and y" = V^TTy', then 

llx - yll < 2||x" - = 2VA; + - < 2-^k + \\x' - y'\. 

We radially project the set 5" to a set 5" on the sphere. 5" is k dimensional and is a 
convex set as radial projection preserves convexity. We denote the projection of the point 

z on the sphere by z' = pr{z). In polar coordinates {t,6) centered at z', fix 6. Let ipi{0) 
(resp. ip2{(^)) denote the angle t such that y = pr~^{t, 9) G dK satisfies ||y — ^|| = £ (resp. 
= 2e). The above distance estimates yield 



and 



Then 



2 sm — — > 



2^FTT 



2 - \/fcTT' 

ME) ^ 4(g) Kt,9)f{t,9) smit)''-'dtd9 

" U-.J^'^'^h{t,9)f{t,9)sm{t)'^-^dtd9 
j;^^^^ hit, 9) fit, 9) sinitf-Ut 



< max 



g-^ik-i jMe) ^^^^ gy^^^ sin(i)^-i dt 



For each 9, 



4(,) h{f.e)f{f.9) Mty-'dt ^ f;jl-2^{c)r-'m{0)b(f.0)Mf)'-'di 

J^'^^^ h{t, 9) fit, 9) sinitf-^ dt ~ J^' mi9)hit, 9) sinitf'^ dt 

, r hit, 9) siv^itf-^ dt 

j^' hit, 9) sin(t)^-i dt 

, ^ r smitf-^ dt 
< il-25ie)T-\k^ir^ '^l . 

Jg sm(t)'=~^ at 

Replacing ■^i and '?/'2 with the above lower bounds yields 

uiB) , , , rr smitf-^dt 

' < il-2Sie)r-\k + l)''+'^ 



< (1 - 25(£))'^-*=(fc + 1)* 



Gik,e)' 

And the proof of the Lemma follows. 
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Lemma 4.6 Let S be a convex set of dimension k in S{x). Let a convexely derived 
measure fi be defined on S . Let z be the maximum 'point of the density of the measure fi. 
For every e > we have the following estimation 

u(B(z,e) > ^uTTT 

l + (l-25(|))-'=(A: + l)'=+ig^ 

Where the functions F and G are as defined before. 
Proof of the Lemma We use the result of the previous Lemma which tells 



We remind that yU is a probability measure and we have 

fi{B{z,2e)) ^ KB{z,e)) ^ 1 



fi{B{z,2e)Y - fi{B{z,2e)Y " (i _ 25(£))"-'=(A; + ' 
Hence 



li{B{z,2e))+ii{B{z,2e)Y " 1 + (1 - 25{e)y-\k + 
And the proof of the Lemma follows. 



5 Proof of Theorem 1 following Gromov 

In this section we follow the ideas used in |1] and [9]. Let / : S{X) — )■ M'^ be as theorem 
1. We want to partition the sphere S{X) by at most fc- dimensional convex sets. The 
continuous map / defines a continuous map Prr{f) on the sphere which is the radial 
projection of / on S". We use the following theorem proved announced by Gromov in 
jl]. The author remarks that the following Theorem is not entirely proved in |1] and 
unfortunately we are not able to give a proof for this Theorem, however, if we believe 
Gromov, then the proof of our Theorem 1 becomes much easier. In the other hand, we 
will give another method, which will be independent of the following Theorem to finalize 
the results of this paper. 

Theorem 2 (Gromov) Let / : — )■ M'^ be a continuous map. There exists an infinite 
partition of the sphere by at most k-dimensional convex sets, denoted by Uoo and a point 
2; G M'^ such that for every S G IIoo, f~^{z) passes through the maximum point of the 
density of the convexely derived measure defined on S. 
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We inform the reader that the previous Theorem holds for every continuous map /. 

Corollary 5.1 Let f : S{X) — > M'^ be as theorem 1. There exist an infinite partition 
of S{X) by at most k- dimensional convex sets, denoted by IIoo and a point z E M.^ such 
that for every S G IIoo, f~^{z) passes through the maximum point of the density of the 
(unique) convexely derived measure defined on S. 

Proof of the Corollary we apply the previous theorem for the continuous map Pr{f), we 
know that there exists an infinite partition of the sphere, IIoo, by at most fc-dimensional 
convex sets. By radialy projecting each piece of the partition on S{X) we obtain an infinite 
partition of S{X) by at most fc-dimensional convex sets. Let S* C and S G IIoo and 
let S' = pr{S). Denote by z (resp z') the maximum point of the density of the convexely 
derived measure defined on S (resp S'). It remains to prove that z' = pr{z). Indeed as 
we are taking radial projection, the density of the convexely derived mesure on each S' 
is just the radial projection of the density of the measure defined on S. We remind that 
the radial projection of the normalized Riemannian measure of S is the conical measure 
defined on S' up to a constant, but this is irelevant for our purpose. We are ready to give 
a proof of the Theorem 1. 



5.1 Proof of Theorem 1 following Theorem [2] 

We apply the previous Corollary. There exists an infinite partition of S{X) by at most 
fc-dimensional convex sets and a fiber f~^{z) passing through all the maximum points of 
the densities of the convexely derived mesure defined on all pieces of the partition, where 
is the maximum point of the density of the (unique) convexely derived measure /i^r 
defined on S'tt. Hence on every 3.,^ we have 

I^Air\z) +e)n S^) > fi^{B{x^, e)) > w{e). 

And at the end 

fiif-\z) +e)= [ fiM~\z) + e)n S^)d'K 

= I /i,((r'(2;) +e) n^,)rf7r+ / fi^{{f-\z) + e) n S^)d7r 

The measure of the measurable partition is equal to one. In [9] we prove that the measure 
of the set of pieces of partition which has dimension < k on the sphere is equal to zero, 
radialy projecting this on S{X) implies that the measure of the set of pieces of partition 
of S{X) which has dimension < k is also equal to zero, hence we have 

f^{f~\z)+6)>w{e). 

Hence the proof of the theorem follows. 
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6 Alternative proof of Theorem 1 



This section will be long and very technical. As the author is unable to prove Theorem 
[2| he found, by the enormous help of Pierre Pansu, the following arguments replacing 
theorem |2} We also remark that the obstruction for having theorem [2] is due to non- 
existence of a sharp Brunn-Minkowski type inequality on the round sphere. We begin by 
giving the following useful 

Definition 6.1 Let S be an open convex subset of S{X), S is called an {k,e)-pancake if 
there exists a convex set 3-,^ of dimension k such that every point of S is at distance at 
most e from S-^- 

We remark again that the distance on S{X) is the restriction of the norm being defined 
on M"+i on S{X). 

The two following theorems are strong generalizations of the classical Borsuk-Ulam 
theorem in algebraic topology and the construction of finite and infinite partitions of S{X) 
is provided by them. 

Theorem 3 (Gromov-Borsuk-Ulam, finite case) Let / : S*^ — (k < n) be a 

continuous map from the n-sphere to Euclidean space of dimension k. For every i G N, 
there exists a partition of the sphere S*^ into 2* open convex sets {Si} of equal volumes 
(= Vol{S"')/2^') and such that all the center points c.(S'j) of the elements of partition have 
the same image in M.^. 

Theorem 4 (Gromov-Borsuk-Ulam, almost infinite case) Let /:§"—> M'^ 5e a 
continuous map. For all e > 0, there exists an integer Iq such that for all i > io there 
exists a finite partition of into 2* open convex subsets such that : 

I. Every convex subset of the partition is a {k,e) -pancake. 

II. The centers of all convex subsets of the partition have the same image in M'^. 

///. All convex subsets of the partition have the same volume. 

The proof of theorem |3] is long and uses algebraic topology arguments. We won't give the 
proof of these theorems here and refer the reader to [9]. 

We need Theorems |3] and |4] on S{X), but we can not proceed directly, we again pass 
via the round sphere and by radially projecting the results of these two theorems on S{X), 
we obtain the desired partitions on S{X). 
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6.1 Approximation of General Norms By Smooth Norms 



For technical reason imposed by Lemma [63 , we need to approximate general norms by 



smooth norms. Indeed as we will see in the next subsection, we can not allow the convexely 
derived measures charging any mass for the boundary of balls. In this subsection we show 
by approximation that we can in fact exclude this technical problem. 

Lemma 6.1 Let X denote a finite dimensional space equipped with a C"^ -smooth norm. 
Let S{X) denote its unit sphere. Fix an auxiliary Euclidean structure. There exists K 
such that for every 2-plane U passing through the origin, S{X) (1 P is a disjoint union of 
curves whose curvatures k satisfy \k\ < K at all points. 

Proof. 

Since the norm is homogeneous of degree 1, its derivative along a line passing through 
the origin does not vanish. It follows that at every point x G S{X), the restriction of the 
differential to P does not vanish identically, i.e. P is transverse to the tangent hyperplane 
TxS{X). This shows that S{X) fl P is a C^-smooth 1-dimensional submanifold, i.e. a 
finite disjoint union of curves. Furthermore, the curvature k,{x, P) of S{X) fl P at x is a 
continuous function of (x, P) E I = {{x, P) \ x E dB(0, 1), x G P}. Since / is compact, k 
is bounded. 

Notation 2 The Hessian of a C"^ -smooth function f : Mf^ ^ at x is the quadratic form 

Hess^{v) = g^f{x + tv)\t=o. 

Say a C"^ -smooth norm on a finite dimensional vectorspace is strongly convex if at every 
nonzero point, the Hessian o/x x |p is positive definite. 

Proposition 5 Let X denote a finite dimensional space equipped with a C"^ -smooth strongly 
convex norm. Let S{X) denote its unit sphere. There exists tq > such that, for 
every r < tq, for every 2-plane P passing through the origin, for every x G S{X), 
S{X) n P n dB\x,r) IS a finite set. 

Proof. 

The map x h-> HesSx \\ ■ |P is homogeneous of degree 0. Fix an auxiliary Euclidean 
inner product on X. By compactness of the unit sphere, there exists a positive constant 
c such that for all x 7^ and all v, 

{HesSx II ■ |p)(f,f) > cv ■ V. (2) 
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Also, the differential x \\ ■ |P is homogeneous of degree 1. Therefore there exists a 

positive constant C such that for all x 7^ and all v, 

\iD,,\\-f)iv)\<C ||x||v^. (3) 

Fix X & X. Let P be a 2-plane. Let / denote the restriction of 2; ^-)■|| z — x p to 
P. It satisfies the previous two inequalities. Let s 1— )■ 7(5) be a C^-smooth curve in P 
parametrized by arclength, z = 7(0), r = 7'(0). Then 

7(s) = Z + ST + — 7"(0) + o{s^). 

Since, for all small 

j{z \v) = f{z) + D,f{v) + ^HessJiv, v) + o{v ■ v), 



filis)) = f{z) + DJisT + ^7"(0)) + InessJir, r) + o{s^). 

Now assume that f(ci{sj)) = f{z) for a sequence Sj that tends to 0. Then, comparing 
asymptotic expansions gives 

DJ{t) = 0, DJiYm + HessJir, r). 
Since t ■ t = 1, inequalities ^ and ^ give 

c < -DJiYm < C II ^ - X II v/7"(0)-7"(0). 
This shows that the curvature k of the plane curve at 7 at 2; satisfies 

k(z) > 



C \\ z — X 



c 

Ct- 



Therefore, if z is an accumulation point of 7nPn(9i?(x, r), the curvature of 7 ay z is > 
With Lemma 6.1 , we conclude that if r < tq := c/CK , for all P, S{X) fl P fl dB{x, r) has 
only isolated points, thus is finite. 

Lemma 6.2 Let Xi he a finite dimensional normed space. Let S{Xi) denote its unit 
sphere. For every A > 1, there exists a C'^-smooth strongly convex norm on Xi, with unit 
sphere S{X2), such that the radial projection S{Xi) — )■ S{X2) is X-biLipschitz. 
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Proof. 

Fix an auxiliary Euclidean inner product on Xi. Fix a smooth compactly supported 
nonnegative function : X ^ ]R_|_ such that J ip = 1. The convolution 



fix)= W y \\i ^{x - y) dy = \\ X - y \\i ^p{y) dy 
Jxi Jxi 

is smooth and convex. For all x & Xi, 

|/(x)-||x||i|< / \\yhi^{y)dy 

JXi 

is uniformly bounded. Therefore, when one restricts / to a large Euclidean sphere and 
extends it to become positively homogeneous of degree 1, one gets a smooth norm || • ||' 
uniformly close to || ■ By convexity, the Hessian of || ■ ||'^ is nonnegative. For 6 > 0, 
let 

II V \\s= a/II V 11'^ +6v ■ V. 

This is a smooth norm, and Hess{\\ v ||^) > 6v ■ v is positive definite. For S small 
enough, this norm is close to || ■ ||i, therefore radial projection between unit spheres is 
A-biLipschitz. 



Lemma 6^ allows to reduce the proof of Theorem [T] to the special case of C^-smooth 



strongly convex norms, for which we know, from Proposition [5} that convexely derived 
measures do not give any mass to small enough spheres. Until the end of section [6} we 
suppose the norm of class and strongly convex. 



6.2 Infinite Partitions 

The proof follows [3], where the case of the round sphere is treated. But we need these 
results for the unit spheres of uniformly convex normed spaces. This merely requires a 
few minor changes, but we include complete proofs for completeness sake. 

Definition 6.2 (space of convexely derived measures) Let AiC^ denote the set of 
probability measures on S{X) of the form fis = fi\s/ fJ'iS) where S C S{X) is open and 
convex and where n is the conical probability measure defined on S{X). The space M.C 
o/ convexely derived probability measures on S{X) is the vague closure of AiC^. 

It is a compact metrizable topological space. 
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Lemma 6.3 For all open convex sets 5" C and all x & S, 

vol{SnB{x,r)) vol{B{x,r)) 
vol{S) - vol{^^) ' 

Proof. 

Apply Bishop-Gromov's inequality in Riemannian geometry. In this special case (S" 
has constant curvature 1), it states that the ratio 

vol{S nB{x,r)) 
vol{B{x, r)) 

is a nonincreasing function of r. It follows that 

vol{Sr\B{x,r)) ^ vol{S) 



vol{B{x,r)) -vo/(§")' 

CoroIIeiry 6.4 For all open convex sets S C S{X) and all x E S, 

li{SnB{x,r)) vol{.,(f){r)) 
JliS) - vo/(§") ' 

where vol{., 0(r)) is the volume of a ball of radius (j){r) on S'* and where 

2sin(^)- 



2 ' 2xAHn:' 

Proof. 

By radially projecting S{X) to S", the convex set S maps to a convex set S' on the 
round sphere. By our previous observations, the image of the ball B{x, r) contains a 
spherical ball of radius 0(r) where 



„ . ,0[r 
2sm 



Hence 



2 ' 2Vn+l' 



n{SnB{x,r)) n'{S' nB{x\r')) 

li'{S' r\B{x',(t){r))) 



> 



> 



(n + l)"+W(5(x',0(r)) 

{n + l)"+i^;oZ(§") 
vol{B{x',cl>{r))) 
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This inequality extends to all convexely derived measures, thanks to the following 
Lemma. 

Lemma 6.5 (See [B]). Let fii be a sequence of positive Radon measures on a locally 
compact space X which vaguely converges to a positive Radon measure fi. Then for every 
relatively compact subset A G X such that fJ^{dA) = 0, 

lim fii{A) = 

i—>oo 

Corollary 6.6 For all measures v G MC on S{X\ all x G support (z/) and small enough 
r 



u{S n -B(x, r)) > const, r". 



Proof. 

Let p = lim fiSj- Up to extracting a subsequence, one can assume that Sj Hausdorff 
converges to a compact convex set S. Then support (z/) C S. Indeed, if x ^ 5", there exists 
r > such that S fl B{x,r) = 0. Let / be a continuous function on S{X), supported 
in B{x,r/2). Then for j large enough, 5*^ fl B{x,r/2) = 0, / f dvsj = 0, so j f du = 0, 
showing that x ^ support (z/). 

If z/ is a Dirac measure, then the inequality trivially holds. Otherwise, let x G 
support(z/). There exist Xj G support(/ij) such that Xj tend to x. Since z/ gives no 
measure to boundaries of small metric balls (by Proposition Isl since we assume that the 



norm is and strongly convex). Lemma 6.5 applies, and the inequality of Corollary 6.6 
passes to the limit. 

Lemma 6.7 Let Comp{S{X)) denote the space of compact subsets of S{X) equipped with 
Hausdorff distance. The map support : AiC — Comp{S{X)) which maps a measure to 
its support is continuous. 



Proof. 

Let /ij G AiC converge to z/. One can assume that Sj = support (/ij) converge to a 



compact set S. We saw in the proof of Corollary 6.6 that support(z/) C S. To prove the 



opposite inclusion, let us define, for r > and x G S{X), 



r 

2' 



if d{y, x) < 
.(2/) = <; 2 - if |<%,x)<r, 

otherwise. 
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Where d is the distance induced by the norm of ]R"+^. Let x & S. Let Xj G Sj converge 



to X. According to Lemma 6.6, if d{xj,x) < r/4, 

fx,r{y)di^j{y) > consty 



i.e. Jud,, does uot tend to 0. It follows that j Ud. > 0. and . belong, to 

support (z/). This shows that support is a continuous map on AiC. 

The support of a convexely derived probabihty measure is a closed convex set, it has 
a dimension. 

Notation 3 M.C'^ denotes the set of convexely derived probability measures whose support 
has dimension k, MC-^ = ULo-^C^ ■^'^^ = MC\MC'^. For p > 0, MCp denotes the 
set of convexely derived probability measures whose support has diameter > p. 

Lemma 6.8 As r tends to 0, iy{B{x,r)) tends to uniformly on M.Cp x S{X). 

Proof. 

We first prove the Lemma in M", the spherical case follows by projectively mapping 
hemispheres of S{X) to M". We can assume that p is very small as well. Let be a 
convexely derived measure supported by a /c-dimensional convex set 5, let a; G M" and 
B = S f\ B{x,r). Since S has diameter at least p, there is a point y at distance at least 
p/2 of X. Up to a translation, we can assume that y is the origin of M'^. Let be the 
density of fx. Then is concave. Thus, for x' E B and A g]0, 1[, 

0(Aa;) > A"-V(a;). 

Changing variables gives 

H{\B) = / (f){z)dz 

J\B 

= \^ f (l){\z)dz 
Jb 



> A" / (f){z)dz 
Jb 

= AX5). 



If is an integer such that < p/4r, then one can choose A^ values of A between 1/2 
and 1 leading to disjoint subsets XB of S, and this yields 

l = p{S)>N{^rf^{B), 



20 



i.e. 

< 2"/iV ~ const, rip. 

Now, let S C 5'(X), be the support of a convexely derived measure v G A^Cp and let 
B = B{x,r) n S*. We projectively map B to and we choose as the center of this 
projection to be the point x. Hence it follows again that 

iy{B) < Cr/p. 



Lemma 6.9 Let p > 0. Let K. be a compact set of probability measures on S{X) with 
the following property : for every u E K., all x and all r < p, h'{dB{x,r)) = 0. Then the 
function (i/, x,r) i— )■ z/(i?(a;,r)) is uniformly continuous on K, x S{X) x (0,p). It follows 
that it is continuous on M.C^ x S{X) x [0,p). 

Proof. 

Let {h'i,Xi,ri) — )■ (z/, a;,r). Let {x'j} (resp x') be the sequence of points (resp the point) 
on §" image of radial projection of the sequence {xi} (resp x). Let 0j G /so(M"'"'"^) be 
such that limj_>oo 4>i = and for every i, 4>i{x'^) = x'. Such a sequence of isometry acts 
on S{X) by taking the action on and projecting to S{X). For every 6 > 0, for big 
enough i we have 

B{x, r - (5) C (f)i{B{xi, ri)) C B{x, r + 6). 

This implies 

u,{<j)-\B{x,r-6))) < u,{B{x,,r,)) < iy,{<f)-\B{x,r + S))). 

Hence 

limsupi/j(S(xi,rj)) < lim 0j*z/j(_B(x, r + 5)) = z/(_B(x, r + 5)) 
liminf Ui^B^Xi, r^)) > lim (f)i^,h'i{B{x, r — 6)) = z/(i?(x, r — 6)). 

Let (5 — )■ 0. As we supposed the norm being smooth, we know that the v{dB{x^r)) = 0. 
We can apply the Le mma 6.5 and deduce that lim^^o r + S)) = u{B{x,r)). We 

can apply the Lemma 6.8 and the continuity on JVlC^ x S{X) x [0,p) is deduced. 
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Definition 6.3 (limits of finite convex partitions) LetU be a finite convex partition 
of S{X). We view it as an atomic probability measure m(n) on M.C as follows: for each 
piece S ofli, let fis = ^J'\s/^J'{S) be the normalized volume of S. Then set 

m{U) = J2 ^'(S)6,,. 

pieces S 

We define the space of (infinite) convex partitions CV as the vague closure of the image of 
the map m in the space V{AiC) of probability measures on the space of convexely derived 
measures. The subset CV-^ of convex partitions of dimension < k, consists of elements of 
CV which are supported on the subset M.C-'' of convexely derived measures with support 
of dimension at most k. 

Note that CV is compact and CV-'' is closed in it. Measures in the support of a convex 
partition can be thought of as the pieces of the partition. 

Lemma 6.10 (desintegration formula) Let A C S{X) be a set such that the intersec- 
tion of OA with every i-dimensional subsphere has vanishing i-dimensional measure, for 
alie,0 <e < n. Let U G CV. Assume that n(A^C°) = 0. Then 



^(A) = [ u{A)dn{u). 
Jmc 



Proof. 



For finite partitions Ifj, equality holds. According to Lemma 6^, the function u i-> 
i>{A)x{i^) is continuous on A4C^ . Therefore the identity still holds for vague limits of 
finite partitions. This completes the proof of Lemma. 



6.3 Choice of a Center Map 

In the previous sections we didn't make any particular assumption about the center map. 
In fact the only property of this map which was used was continuity. In this section we 
construct a family of center maps which will lead us to the proof of Theorem [l] 

Definition 6.4 (approximate centers of convexely derived measures) Letu G AiC, 
let r > 0. Consider the function S{X) — )■ M, a; t— )■ VT^y{x) = z/(i?(x,r)). Let Mr(z^) be the 
set of points where Vr^v achieves its maximum on support(i/). 

If the support of v is i-dimensional, i < n, we denote by Mo(i^) the unique point where 
the density of v achieves its maximum. 
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The next Lemma states a semi-continuity property of Mj.. 
Notation 4 When Ai, i E'H, are subsets of a topological space, we shall denote by 



hm A = n[\A,. 

i j>i 

the set of all possible limits of subsequences xa^j) G ^i(j). 

Lemma 6.11 Let z/j be convexely derived measures which converge to u E AiC. Then, 
for all r > 0, 

hm Mri^i) C Mr{iy). 

If follows that 

hm conv. hvi\\{Mr{ui)) C conv.huh(M^(z/)). 

Proof. 

Let z/j tend to u. Then the support of Ui Hausdorff converges to the support of u. If 
u e A1C° equals Dirac measure at x, then Mr{h'i) automatically converges to {x} = Mr(z^). 
Otherwise, u G AiC^. Let x G limj_j.oo ^^(z/j), i.e. x = limi^ooXi for some Xi G Mrivi). 
Pick ?/ G support(z/). Pick a sequence G support(z/j) converging to y. According to 
Lemma |6.9[ 

Vr^y{x) = lim Vr,uA^i), Vr,u{y) = lim Vr^uXV'^- 

Since Vr,y^{xi) > Vr,uXyi)^ ■we get Vr,u{x) > Vr,u{y), showing that x G Mriy). 
We claim that for arbitrary compact sets Ai G S{X), 

lim conv. hull(y4j) C conv. hull(lim Ai). 

i—^oo i—^oo 

Indeed, taking cones, it suffices to check this in ]R"+^. If x G lim j_j,oo conv. hull(Aj), 
X = limxj with Xj G conv. hull(Aj), then there exist n + 1 numbers tjj G [0, 1] and points 
aij G Ai such that Ylij'^ij = ^1^1 = '^^^ assume that ah sequences 

i I— J- tjj, converge to tj, aj. Then tj G [0,1], X]j = 1, ctj G A = limj_s.oo A and 
a; = Yli^j^j ^ conv. hull(74). This completes the proof of Lemma 



6.11 



The above semi-continuity property is sufficient to apply Ernest Michael's theory of 



continuous selections, [TO] . 
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Theorem 6 (Michael continuous selection Theorem) Let X be paracompact, Y be 
a Banach Space, and G the space of closed convex non-empty subsets ofY. Then every 
lower semi- continuous map (p : X ^ & admits a continuous selection. 

Let Nr{S) denotes the convex hull of Mr{S) in IR"'^^. By definition of the convex sets 
in S{X), Nr{S) is a closed convex set which does not contain the origin of M""'"^. We apply 
the Theorem [6] to the map S — )■ Nr{S). We obtain a continuous map S — )■ Dr{S) which 
never takes the value 0. We pose Cr{S) = Dr{S)/\\Dr{S)\\ and we obtain the continuous 
selection on S{X). Hence the following 

Definition 6.5 (centers of open convex sets) Let r > 0. According to Theorem^ 
we can choose a continuous map '■ AiC^ — S{X), such that for every S G M.C^ , 
Cr{S) belongs to conv. hull(Mr(S')). 

6.4 Construction of Partitions Adapted to a Continuous Map 

Definition 6.6 (partitions adapted to a continuous map) Let f : S{X) ->R'' be a 
continuous map. Let r > 0. Say a convex partition U G CV is r-adapted to / if there 
exists z E R^ such that f^^{z) intersects the convex hull of Mr^u) for all measures v in 
the support ofli. Let 



If limj_>.oo Hi = n, support(n) C limj_5.oo support(nj), i.e. every piece i/ of 11 is the limit 
of a sequence of pieces Vi of Ilj. By assumption, there is a G M'^ which belongs to all 
/(conv. hull(Mr(z/))), u G support(nj). One can assume Zi converges to z. Then z belongs 
to all /(conv. hull(Mr(z/))), z/ G support (11). Indeed, in general, if (7 is a continuous map 
and Ai are subsets of a compact space, (?(limj_j.oo ^i) = linii_s.oo fi'(^j)- So if z/ = limi/j, 
Pi G support (Ilj), 



J", = {n G CP I Pi /(conv. hull(M,(z/))) ^ 0} 



i/£support(n) 



denote the set of partitions which are r-adapted to f . 



Proposition 7 For all r > 0, J^r is closed in CV. 



Proof. 



z = 



lim Zi G 



lim /(conv.hull(M^(i/i))) 



C 




C 



/(conv.hull(M,(z/))), 



thanks to Lemma [6.111 
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Corollary 6.12 Let f : S{X) R'' be a continuous map. For all r > 0, J> fl CV-'' is 
non empty. 

Proof. 

Theorem 3 states that for every r > 0, J> contains uniform atomic measures with 
arbitrarily many pieces. Theorem 4 produces elements of J> whose support is contained 
in arbitrary thin neighborhoods of the compact subset AiC-''. With Proposition [7| this 
gives elements in J>. fl CV-^. 



6.5 Convergence of Mr{y) as r tends to 

Lemma 6.13 Let i < n. For every i- dimensional convexely derived measure v, 

limdH{Mr{iy),Mo{u)) = 0. 



Proof. 

We prove the Lemma by contradiction. Otherwise, we get a 5 > and a sequence of 
radii tending to such that dniMr^^) , Mo{h')) > S. Pick a point Xi E S where Vr^^u 
achieves its maximum and such that d{xi, Mq^u)) > 6. Up to extracting a subsequence, we 
can assume that Xi converges to a; G S*. Then Vn^v^Xi) / akv'l converges to (pv^x). For every 
y E S, Vr„u{y) < Vr„u{x) and Vr^,u{y) / otkTi couvcrgcs to Therefore < (l)y{x). 

This shows that {x} = Mo(z/), contradiction. 



A stronger statement (Corollary 6.17) will be given after the following technical lem- 
mas. 

Lemma 6.14 Let v he a convexely derived measure on S{X) whose support is a k- 
dimensional convex set S . Write du = (pdfik. Then 

2n+l 

max 6 < 



s l2k{S)' 

Proof. 

Replace S with C = co{S) C M"^""^, and by its n — /c-homogeneous extension. Then 
is concave. Assume achieves its maximum at x G C. Translate C so that x = 0. 
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On |C, 0V{"-fe) > l0V{"-'=)(2;), thus 



u{S) > [ , 



(f) dvol 



k+l 



Lemma 6.15 Let S, Si be full compact convex subsets of M" such that Si Hausdorff- 
converges to S. Let (pi : Si ^ [0, 1] be concave functions. Then there exists a concave 
function (f) : S ^ [0,1] and a subsequence with the following properties. 

• On every compact subset of the interior of S, (pi converges uniformly to (p. 

• For all X e dS and all sequences Xi e Si converging to x, 

limsup0j(a;j) < (p{x). 



Proof. 

In general, bounded concave functions / on compact convex sets E are locally Lips- 
chitz, 

for a; e S with d{x, 9S) = r, and all y G \f{x) — f{y)\ < -d{x, y). 

Indeed, let be the intersection of E with the line through x and y, with x' , x, y' 

and y' sitting along the line in this order. Let I be the affine function on [x' , y'] such 
that (i{x') = fix') and i{x) = fix). Then /(y) < iiy), thus fiy) - fix) < - 
fix')\dix,y) < -dix,y). Also, let i' be the affine function on [x',y'] such that i'ix) = fix) 
and i'iy') = fiy'). Then fiy) > f (y), thus fiy) - fix) > - fiy')\dix,y) > 

-^dix,y). 

This shows that on every compact subset of the interior of S, the sequence fj is 
equicontinuous, so a subsequence can be found which converges uniformly on all such 

compact sets to a continuous function (p. Of course, (p is concave and bounded, so it 
extends continuously to OS. Let x G dS and Xi G Si converge to x. Pick an interior point 
Xq of S and a second interior point x' ^ Xq such that Xq lies on the segment [a;',a;]. Pick 
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x'j on the line passing through xq and Xj and converging to x'. The Lipschitz estimate for 
0j reads 

d{xo,Xi 
d{xo,x'i 

Letting i tend to infinity yields 



limsup0i(xi) < (t>{xo) + — — '—-\(t>{x') - 0(xo)|. 

a[Xo, x') 

Letting xq and x' tend to x (while keeping x\ Xq and x aligned and ^1^^°'^}^ bounded) gives 
limsup < 

Lemma 6.16 For each k < n, the restriction of {iy,r) i-> dH{Mr{i'), Mo(z/)) to IR+ xAiC'^ 
tends to along {0} x MC^ , i.e. for all v G M& , 

lim dH{Mr{y),MQ(y)) 

Proof. 

Let u e M.C^ . Let z/j be a sequence of /c-dimensional convexely derived measures 
which converges to v and rj be positive numbers tending to 0. For every we project 
the support of z/j into the fc-sphere which contains the support of v (if intrinsically this 
poses problem, one can always think of the cones over the support of these measure and 
do all projections in ]R"+^). In other words, one can assume that all Ui have support Si 
in the same /c-sphere. Of course. Si Hausdorff-converges to the support 5* of v. Let (pi 
denote the density of Vi with respect to A;- dimensional conical measure. Since iik{Si) does 



not tend to 0, (pi are uniformly bounded, by Lemma 6.14 Furthermore, on any compact 



convex subset K of the relative interior of 5*, the (pi are equicontinuous (this follows by 



the cone construction from Lemma 6.15). Therefore one can assume that (pi converge 
uniformly on compact subsets of the relative interior of S. Since for all r' > 0, Vr'^v^ 

one 



converges to the limit must be equal to the density (p of v. From Lemma 6.15 
can assert that at boundary points x G dS, for every sequence Xi G Si converging to x, 
limsup0j(xj) < 0(x). 



We repeat the argument of Lemma 6.13 If Mr^(z/j) does not converge to Mq{v 



sequence Xi G Mnii^i) satisfies d{xi, Mo{i')) > 5 for some 6 > 0. Up to extracting a 
subsequence, we can assume that Xi converges to x G S'. If x ^ dS, then Vri,u{xi)/akrf 
converges to 0(x). If x G dS, limsup fr..,j/(xj)/Q;fcrf < (p{x). For every y E S \ dS, 
Vri,u{y) < Vr^^u{x) and Vr^^uiy) / dk^i converges to (p{y). Therefore (p{y) < (p{x). Since 
S \ dS is dense in 5, this holds for all y & S, thus (p achieves its maximum at x, i.e. 
{x} = Mo(z/), contradiction. 
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Corollary 6.17 On any compact subset ofAiC^, the functions 

iy^dH{Mr{iy),Mo{iy)) 
converge uniformly to as r tends to 0. 

Proposition 8 Assume f : S{X) 'R'^ is a generic smooth map. Let rj tend to and 
let Ui e CV-^ n J^r, he convex partitions of dimension < k, ri-adapted to f. Then, for all 
e>0, 

max 

Where 

w{e) ^ 



l + (l-25(|))-'=(A: + l)'=+ig||' 
And where the functions F{., .) and G{., .) were defined previously. 
Proof. 

By assumption, for each i, there exists Zi e M'^ such that for all fi G support(nj), there 
exists Xi^jy G conv. hull(Mr.(i^)) such that f{xi^y) = Zi. Let /C C AiC^ be a compact set. 
According to Corollary 6.17 and Lemma 6.9, for all £ > 0, 

5i ■= snvHB{x,^,,e)) - v{B{Mo{v),e))\ 

tends to 0. Considerations in previous sections show that for every /c-dimensional con- 
vexely derived measure z/, 

uiBiMoiiy),E))>wiE). 

For a generic smooth map /, the intersection of f~^{zi) + e with A;-dimensional convex 
sets has vanishing fc-dimensional measure, so the desintegration formula applies, and 

fi{f-\z,)+e) > [ uif-\z,)+e)dU,{u) 
Jmc+ 



> / v{B{x,,,,e))dIii{p) 

> n,{lC)w{e) - 5i. 



Taking the supremum over all compact subsets of AiC^ and then a limit as i tends to 
infinity yields the announced inequality. 
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6.6 End of the Proof of Theorem [T] 

There remains to show that convex partitions in CV-^ D J-'r, r small, put most of their 
weight on fc-dimensional pieces. This will be proven indirectly. Pieces of dimension < k 
may exist, but they provide a lower bound on fi{f~^{z) + r) which is so large, that they 
must have small weight. We shall need a weak concavity property of v^^r, which in turn 
relies on the corresponding Euclidean statement. 

Lemma 6.18 Let S gW^ be an open convex set, (j) an m-concave function defined on S. 
Let fi = (pdvoln- Then the map x t— )■ fi{B{x, r) Ci S) is m + n-concave on S. 

Proof. 

We use the following estimate (Generalized Prekopa-Leindler inequality), which can 
be found in [7]. For a G [— cxd, +oo] and 9 G [0, 1], the a-mean of two nonnegative numbers 
a and h with weight 9 is 

M^^)(a, h) = {9a'' + (1 - 0)6")^/". 

Let < a < +CX), 9 G [0, 1], u, V, w nonnegative measurable functions on M" such that 
for all X, y & M", 



w{9x + {1 - 9)y) > Mi'\u{x),v{y)). 



Let 13 = Then 



w > M^i j u,j v). 

We apply this to restrictions of to balls, u = lB(x,r)4>: = ^B{y,r)(f>y = '^B{ex+{i-9)y,r)4>- 
By m-convexity of 0, the assumptions of the generalized Prekopa-Leindler inequality are 
satisfied with a = 1/m. Then for B = 

I ' m+n ' 

li{Bi9x + (1 - 9)y),r)) > M^P{^i{B{x, r)),^i{B{y, r))), 

which means 

li{B{9x + (1 - 9)y),r))^ > 9iJ,{B{x,r))^ + (1 - 0)KB{y,r))^. 
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Lemma 6.19 The functions v^^^ O'l"^ weakly concave on S{X). In other words, there 
exists a constant c = c{n) > such that for every convexely derived measure v and every 
sufficiently small r > 0, if K G support(z/), then 

min Vu L > c min Vi, r ■ 

conv(K) K ' 

Proof. 

Since a half-sphere is projectively equivalent with Euclidean space, it suffices to prove 
weak concavity when K consists of 2 points. 

Let p he a. /c-dimensional convexely derived measure on S{X). Denote its density by 
(j), a weak {n — /c)-concave function on the support 5* of ly. Let $ denote the {n — k)- 
homogeneous extension of (p to the cone on S. This is {n — A;)-concave. Fix a point 
xq G S{X), let M" denote the tangent space (cone) of S{X) at xq- Denote by cf)' the 
restriction of $ to M", and u' the measure with density (f)'. Lemma 6.18| implies that 
x' H- >■ ix{B{x' ,r)) is (2n — /c)-concave. This implies that for every x\ y' G and z' 
belonging to the middle third of the line segment \x\y'\^ 

v\B{z ,r)) > ^^max{u'{B{x',r)),u'{B{y',r))}. 

The radial projection from a neighborhood V C S{X) of xq to M" is nearly isometric 
and nearly maps (f)' to (p. Thus there exists a constant ci > such that ii x, y & V and z 
belongs to the middle third of the segment [x,y], 

r 

viBiz, — )) > Cl max{z/(i?(a;, r)), uiBiy, r))}. 

Cl 

Covering long segments [x, y] with neighborhoods like V {N can be bounded indepen- 
dantly of n) provides a constant c > such that for all z G [x, y] which is not too close to 
the endpoints, 

r 



i^{B{z, ^)) > cf max{i/(5(a;, r)), u{B{y, r))}. 



c 



In particular, for c 



-1 5 



r 

i'{B{z, -)) > c min{z/(_B(x, r)), ij{B{y, r))}. 
c 



Proposition 9 There exists a constant c = c{n) > such that if f : S{X) R'' IS 
smooth and generic and 11 belongs to Tr H CP-^ for some small enough r > 0, then, 

k 

maxfi{f-\z) + -) > c y"wi(r)Il(MC^). 

£=0 

Where Wi{r) is equal to w{r) in codimension I. 
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Proof. 

By assumption, there exists z G M'^ such that for every measure v in the support of 11, 
there exists x G conv. hull(Mr(i^)) such that /(x) = z. If the support of v is ^-dimensional. 



Lemma 6.11 and our previous computations 



c c 

> c min Vi,r 

Mr{u) 

= c max Vi,^r 

support(z^) 

= ciy{B{Moiiy),r)) 

> CWi{p). 

Again, for generic smooth /, one can integrate this with respect to 11. 



^{r\z) + r) = [ u{f-\z) + r) dU{u) 

JMC 



IMC 

k 

Lemma 6.20 For every I < k, we have 

limwi{r)/wk{r) = oo 

r— >0 

Proof. 

Simple observation shows that for every m G N, lim^^o G{m, r) — )■ 0, and limr^-o F{m, r) 
1. Simple calculation leads to 

1 + (1 - 25(r/2))"-^§|^(fc + G{1, r) 



Wi{r)/Wk{r) = — — — ,pn\,n., — — -r^o C- 



1 + (1 - 2<5(r/2))"-'§|^(/ + G{k, r) 

And by the well known asymptotic behvior of the function G{m,r) we have 

Hence the proof of the Lemma follows. 
Proof of Theorem [H 
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Proposition 10 Let s > 0. Let f : S{X) 'R'' be a continuous map. Then 

max fi{f^^{z) + e) > w{e). 



Proof. 

Assume first that / is smooth and generic. Then there exists a constant W such that 
for all sufficiently small r, 

max 

For every r > 0, there exists a convex partition 11^ G CV-^ fl J> which is r-adapted to / 



(Corollary 6.12). Proposition |9] yields 

Wi{r)Iir{MC') < - maxfi{f-\z) + -) < 

c zeR'' c c c 

i=o 

As r tends to 0, this implies that for a\\ £ < k (including £ = OVllj.{AiC^) tends to 0, and 
thus Ilr{AiC'') tends to 1. Letting r tend to in Proposition N then shows that 

max fj.{f~^{z) + e) > w{e). 

Every continuous map / : S{X) M.^ is a uniform limit of smooth generic maps. 
Hausdorff semi-continuity of X /i(X + e) then extends the result to all continuous 
maps. Indeed, let the continuous map / : S{X) — of theorem [l] be fixed. Let 
gj : S{X) — )■ be a sequence of C°° maps such that 6j = \\gj — f\\co tends to 0. For 
every j, there exists a Zj G M*^ such that fj.{g~^{zj) + e) > w{e). We know that for every 
j,gj\z,)Cf-^iBiz„S,)). Then 

fiif-\B{z,,5,))+e) > ^^{g-\z,)+e) > w{e). 

Up to extracting a subsequence, we can assume that {zj} converges to a point z. There 
exists a decreasing sequence ej — > such that for every j, \z — Zj\ < Sj. Then 

f-\B{z,, 5,)) + e C f-\B{z, 6, + e,)) + e, 

thus for all j 

li{r\B{z,5,+e,)+e)>w{e), 
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and by Fatou Lemma 

f^{f]r\B{z,5,+e,))+e)>w{e). 

j 

If for all j, X G f^^{B{z,6j + Ej)) + e, then there exists yj such that d{x,yj) < e and 
f{yj) G B{z, 6j + Sj). We choose a subsequence yk which converges to y. By construction, 
d{x, y) < e, f{y) = z thus x G f~^{z) + e. Hence 

and 



7 Why all these complications? 

Remember the following 

Theorem 11 (Gromov 2003) Let /:§"—> M'^ 6e a continuous map from the canonical 
unit n-sphere to a Euclidean space of dimension k where k < n. There exists a point 
z G M'^ such that the n-spherical volume of the e- tubular neighborhood of f^^{z), denoted 
by f^^{z) + e satisfies, for every e > 0, 

voUf~\z)+e)>voUS^-^ + e). 
Here S""'^ is the {n — k)-equatorial sphere o/S". 

Several times during the last sections, we used the radial projection between the canonical 
sphere and the unit sphere S{X). One (including myself) could ask why bothering with 



all we did and not just radially projecting the result of Theorem 11 on S{X). Indeed 



this gives another lower bound for the waist of S{X) as we will show in the next 

Proposition 12 Let X be a uniformly convex normed space of finite dimension n + 1. 
Let S{X) be the unit sphere of X, for which the distance is induced from the norm of X. 
The measure defined on S{X) is the conical probability measure. So a lower bound for the 
waist of S{X) relative to is given by 

i;o/(§"-'= + ^) 
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Proof of the Proposition 



Let pr be the radial projection of §" to S{X). We apply theorem 11 to the map 
g = pr~^ o /. Hence there exists a fiber X such that for every e > 

vol{X + 6) > t;o/(§"-'= + £) 

We radially project X + e to S{X). We have 

pr{X + e) C pr{X) + {n + l)e 

Hence 

fxipriX)+e) > fxipriX+^—)) 

n + 1 

vol(X+^) 



> {n + 1) 



-n-1 ^ n+l/ 



t;o/(§") 

And the proposition is proved. 

We see that a brutal application of Gromov's theorem gives a lower bound for the 
waist of the unit sphere of a uniformly convex normed space, S{X). But comparing Wi{e) 
and W2{e), we can see that the lower bound wi{e) has a much better dependence on the 
variable n, even if the dependence on the variable k is very bad. 

For example, if k is fixed and n tends to infinity, W2{e) tends (exponentially fast) 
to while for this case, the lower bound Wi{e) tends to 1. One can hope to have a 
better dependence on the variable k by knowing the best degree of dilation of the radial 
projection of S" — S{X). Here we gave a trivial bound for the degree of dilation, not 
taking into account uniform convexity. 



8 Comparison with Gromov-Milman's isoperimetric 
inequality 

We need to compare the result of Theorem [T] for k = 1 with Gromov-Milman's isoperimet- 
ric inequality which we recall here. This inequality was proved first by Gromov-Millman 
in [5]. The proof was completed later on by S. Alesker in |1] (S. Sodin had the kindness 
of referring Alesker's paper to the author). There is a very short and easy proof given by 
J. Arias-de-Reyna, K. Ball and R. Villa in [2]. 
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Theorem 13 Let S{X) be a uniformly convex unit sphere with modulus S. For every 
Borel set A C S{X) such that fi{A) > ^ and for every e > we have 



fi{A + e) > 1 - e 



— a(e)n 



where a{e) = 5(| — 6n) and where 9n = 1 



'l^l/(n-l)^ 



Our Theorem [T| in case /c = 1, imphes a similar isoperimetric inequahty. 
We need the following proposition which relates isoperimetry and 1-waist. 

Proposition 14 1-waist ^ Isoperimetry : For every open subset A C S{X) and for all 
e > Q we have 

max{/i(yl + £), /i(v4'' + e)}> w{e). 

For the proof, see [8j where we prove this Proposition in a more general context. 

Proposition 14 is far from optimal for small e and fixed n. On the other hand, let e 
be fixed and let n ^ oo. In this regime, our main theorem [T] combined with Proposition 



14| yields 

max{/i(A + £), + £)}>!- e-^^^)'^-^^^), 

where b{e) = 2(5(|) and c{e) has an ugly expression. Since, b > a, our theorem [l] gives a 
better estimate. 



References 

[1] S. Alesker. Localization technique on the sphere and the Gromov-Milman theorem 
on the concentration phenomenon on uniformly convex sphere. Math. Sci. Res. Inst. 
Publ, 34:17-27, 1999. 

[2] J. Arias-de-Reyna, K. Ball, and R. Villa. Concentration of the distance in finite 
dimensional normed spaces. Mathematika, 45:245-252, 1998. 

[3] M. Gromov. Filling Riemannian manifolds. J. Difjeren. Geom., 18:1-147, 1983. 

[4] M. Gromov. Isoperimetry of waists and concentration of maps. GAFA, 13:178-215, 
2003. 

[5] M. Gromov and V.D. Milman. Generalisation of the spherical isoperimetric inequality 
to uniformly convex Banach spaces. Gompositio Math., 62:3:263-282, 1987. 



35 



[6] Francis Hirsch and Gilles Lacombe. Elements of Functional Analysis, volume 192 of 
Graduate Texts in Mathematics. Springer- Verlag, 1999. 

[7] M. Ledoux and S.G. Bobkov. Prom Brunn-Minkowski to sharp Sobolev inequalities. 
Ann. Mat. Pura Appl, 187:369-384, 2008. 

[8] Yashar Memarian. Geometry of the space of cycles : Waist and minimal graphs. 
PhD Thesis, 2009. 

[9] Yashar Memarian. On Gromov's waist of the sphere theorem, preprint, 2009. 

[10] Ernest Michael. Convex structures and continuous selections. Annals of Maths, 
64:556-575, 1956. 

[11] Jon T. Pitts. Existence and Regularity of Minimal Surfaces on Riemannian Mani- 
folds, volume 27 of Mathematical Notes. Princeton University Press, 1981. Princeton 
N. J. 



36 



